We analytically study the properties of a (2 + 1)-dimensional s-wave holographic superconductor in the presence of exponential nonlinear electrodynamics. We consider the case in which the scalar and gauge fields back react on the background metric. Employing the analytical Sturm-Liouville method, we find that in the black hole background, the nonlinear electrodynamics correction will affect the properties of the holographic superconductors. We find that with increasing both backreaction and nonlinear parameters, the scalar hair condensation on the boundary will develop more difficult. We obtain the relation connecting the critical temperature with the charge density. Our analytical results support that, even in the presence of the nonlinear electrodynamics and backreaction, the phase transition for the holographic superconductor still belongs to the second order and the critical exponent of the system always takes the mean-field value 1/2.
AdS black holes. The studies on the holographic superconductors have received a lot of attentions [6] [7] [8] [9] [10] .
Most studies on the holographic superconductors are focused on the cases where the gauge field is in the form of the linear Maxwell field. But nonlinear electrodynamics is constructed by the desire to find non-singular field theories. One may consider nonlinear electrodynamics as a possible mechanism for avoiding the singularity of the point-like charged particle at the origin.
The nonlinear extension of the original Maxwell electrodynamics in the context of holographic superconductors have arisen intensive investigations [11] [12] [13] [14] [15] [16] [17] [18] . In particular, in order to see what difference will appear for holographic superconductor in the presence of Born-Infeld (BI) nonlinear electrodynamics, compared with the case of linear Maxwell electrodynamics, the authors of Ref. [19] have studied condensation and critical phenomena of the holographic superconductors with BI electrodynamics in d-dimensional spacetime. Their analytical results indicate that the nonlinear BI electrodynamics decreases the critical temperature of the holographic superconductor. It was observed that the higher BI corrections make it harder for the condensation to form but do not affect the critical phenomena of the system [19] .
It is also interesting to investigate the effects of gauge and scalar fields of the holographic superconductor on the background geometry. Although if we ignore this backreaction, the problem is simplified, but retains most of the interesting physics since the nonlinear interactions are retained.
Indeed, considering the holographic superconductor model away from the probe limit may bring rich physics. Therefore, many authors have tried to study the holographic superconductors away from the probe limit [20] [21] [22] [23] [24] [25] [26] . Employing the analytical Sturm-Liouville method, the effects of both backreaction and BI nonlinear parameter on the critical temperature as well as scalar condensation were explored in Ref. [27] . Furthermore, the relation between the critical temperature and charge density was established [27] . It was shown that it is more difficult to have scalar condensation in BI electrodynamics when the backreaction is taken into account [27] .
In the present work we would like to extend our analytical study on the backreacting holographic superconductors by considering another form of the higher order corrections to the gauge field, i.e., the exponential form of nonlinear electrodynamics. It was shown that when the backreaction is taken into account, even the uncharged scalar field can form a condensation in the (2 + 1)-dimensional holographic superconductor model [5] . Numerical studies on the holographic superconductors with exponential nonlinear (EN) electrodynamics are carried out in the probe limit [28] . It was shown that the higher nonlinear electrodynamics corrections makes the condensation harder to form [28] . As far as we know, analytical study on the holographic superconductor in the presence of EN electrodynamics and away from the probe limit has not been done. Considering exponential form of the higher corrections to the gauge field, we shall analytically investigate the properties of the holographic superconductors when the gauge and scalar field do back react on the metric background. We shall use the analytical Sturm-Liouville eigenvalue problem. We will also compare our results with those for the holographic superconductors with BI nonlinear electrodynamics with backreaction given in [27] . This paper is outlined as follows. In section II, we introduce the action and basic field equations of the (2 + 1)-holographic superconductor with EN electrodynamics with backreaction. In section III, we compute the critical temperature in terms of the charge density and disclose its dependence on the both nonlinear and backreaction parameters. Section IV, includes step-by-step computations for obtaining the critical exponent and the condensation values of the holographic superconductor and provides explanations about them. Section V will help us to collect the obtained results briefly.
II. BASIC EQUATIONS OF HOLOGRAPHIC SUPERCONDUCTORS WITH

BACKREACTIONS
The action of Einstein gravity coupled to a charged complex scalar field in the presence of nonlinear electrodynamics is described by
where κ is the usual four dimensional gravitational constant, κ 2 = 8πG 4 , Λ = −3/L 2 is the cosmological constant, where L is the AdS radius which will be scaled unity in our calculations.
R and g are, respectively, representing the Ricci scalar and the determinant of the metric. A is the gauge field and ψ represents a scalar field with charge q and mass m. L(F) is a simple generalization of Maxwell Lagrangian in a exponential form [29] L(F) = 1 4b
where b is the nonlinear parameter, F = F µν F µν and F µν is the electromagnetic field tensor. AdS behavior including the backreaction is described by the metric,
We adopt the following gauge choices for the vector field and the scalar field,
with these functions being real-valued. Then, we need to establish the Einstein equations by varying action (1) with respect to the metric. We find
where the energy momentum tensor is given by
Variation with respect to the scalar field yields
while the electrodynamic equation,
is obtained by varying action (1) with respect to the gauge field. These equations can easily reduce to those of the holographic superconductor in Maxwell theory [5] , provided b → 0. Calculations of the Einstein, scalar and electrodynamic field equations, with respect to the metric (3), yield the following expressions,
where the prime denotes derivative with respect to r. We further assume there exists an event horizon r + for which f (r + ) = 0, and thus the corresponding Hawking temperature of the black hole reads
For the case with b → 0, Eqs. (9)- (12) coincide with their corresponding equations presented in [20] . Also in the probe limit where κ = 0, Eqs. (11) and (12) go back to the (2 + 1)-dimensional holographic superconductor model studied in [28] . In this case the solution of Eq. (10) is
It should be noted that we can set the charge parameter, q, as unity and keep κ 2 finite when the backreaction is taken into account by adopting the scaling symmetry [30] . When the Hawking temperature is above the critical temperature T > T c , the system leads to the well-known exact black holes as b → 0 with the metric coefficient and the potential function given by
On the dual side, µ and ρ are, respectively, the chemical potential and charge density of the holographic superconductor. When κ = 0, the metric coefficient f (r) recovers the case of Schwarzschild
AdS black holes (14) . For investigating the properties of dual model in superconducting phase,
i.e., ψ(r) = 0, we need the suitable boundary conditions. Examining the behavior of the fields near the horizon, we find the suitable boundary conditions as
and hence the metric functions χ and f (r) satisfy
The asymptotic behavior of the fields, corresponding to the solution of Eqs. (11) and (12) in the limit r → ∞, are given by
where
is the conformal dimension of the dual operator O ± in the boundary field theory. Here ψ + and ψ − can be considered as the source and the vacuum expectation values of the dual operator. Hereafter, we set ψ + = 0 and investigate the condensation of ψ − =< O − >, analytically. In what follows we choose the scalar to have m 2 = −2, and hence the corresponding dual operator has mass dimension ∆ − = 1.
III. ANALYTICAL STUDY AND CRITICAL TEMPRETURE
In this section, we investigate the analytical properties of a (2 + 1)-holographic superconductor in the framework of EN electrodynamics. We study the problem by taking the backreaction into account. We find the critical temperature T c via the Sturm-Liouville variational approach. Further, we obtain a relationship between the critical temperature and the charge density and investigate the effects of both backreaction and EN parameter on the critical temperature. In order to get the solutions in superconducting phase, we can define a new variable z = r + /r. Then, the equations of motion can be rewritten as
where now the prime denotes derivative with respect to z. When b → 0, the above equations restore the corresponding equations in Ref. [20] , while in the absence of the backreaction, Eqs. (24) and (25) reduce to their corresponding equations in Ref. [28] . Following the perturbation scheme, since close to the critical point, the value of the scalar operator is small, it can be introduced as an expansion parameter
with i = + or i = −. Besides, near the critical point the scalar and gauge fields are small and therefore we can expand the gauge field φ, the scalar field ψ, and the metric functions f (z), χ(z)
as [20] 
where the metric function f (z) and χ(z) are expanded around the Reissner-Nordström AdS spacetime. Also, the chemical potential µ may be expanded as [20] 
where δµ 2 is positive. Thus, near the phase transition, the order parameter as a function of the chemical potential has the form
whose critical exponent β = 1/2 is the same as in the Ginzburg-Landau mean field theory. The phase transition can take place when µ → µ 0 . In this case the critical value of the chemical potential is given by µ c = µ 0 .
From Eq. (24) the equation for φ is obtained at zeroth order as
which admits the following solutions for the gauge field
In the above expression β is an integration constant and L W (x) = LambertW (x) is the Lambert function which satisfies [31] 
and has the following series expansion
Obviously, the series (36) converges provided |x| < 1. If we expand the solution (34) for small b and keep the only linear terms in b, we arrive at
Differentiating Eqs. (19) and (37) with respect to z and equating them at z = 0, we find β = −ρ/r +c . Rearranging Eq. (37) and using the relation β, we arrive at
and we have neglected O(b 2 ). Thus, to zeroth order the equation for f is solved as
At the first order, the behavior of ψ at the asymptotic AdS boundary is given by
Next, we introduce a variational trial function F (z) near the boundary
with the boundary condition F (0) = 1 and F ′ (0) = 0. Then, we can obtain the equation of motion for F (z) by substituting (42) into Eq. (25). We find
Defining the new functions
we can rewrite Eq. (43) as
According to the Sturm-Liouville eigenvalue problem [32] , the eigenvalue λ 2 can be obtained by minimizing the expression
where we have chosen the trial function in the form F (z) = 1 − αz 2 . In order to simplify our calculations, we express the backreaction parameter as [20] κ n = n∆κ, n = 0, 1, 2, ...
where ∆κ = κ n+1 − κ n is the step size of our iterative procedure. The main purpose is to work in the small backreaction approximation so that all the functions can be expanded by κ 2 and the κ 4 term can be neglected. Furthermore, we retain the terms that are linear in nonlinear parameter b and keep terms upto O(b). So we use the following relations
and
where we have assumed κ −1 = 0, λ 2 | κ −1 = 0 and λ 2 | b=0 is the value of λ 2 for b = 0. Now we are going to compute the critical temperature T c . First of all, we start with the following equation
From Eq. (18), f ′ (r +c ) is expressed as
Substituting Eq. (38) in the above equation, and then inserting the result back into Eq. (53), we arrive at the following expression for the critical temperature, For b = 0, we obtain λ 2 From Eq. (48) as
From it we get the minimum eigenvalues of λ 2 and the corresponding value of α, as λ 2 min = 1.2593 at α = 0.2361. And thus the critical temperature is obtained from Eq. (55) as T c = 0.2235 √ ρ, which is in good agreement with the result of [20] .
For b = 0.1, we find
which has a minimum value λ 2 min = 1.4757 at α = 0.2417, and we can get the critical temperature T c = 0.2147 √ ρ.
For b = 0.2, we arrive at
whose minimum is λ 2 min = 1.7811 at α = 0.24955 and the critical temperature becomes T c = 0.2046 √ ρ.
For b = 0.3, we have
which attains its minimum λ 2 min = 2.2451 at α = 0.26133 and the critical temperature reads T c = 0.1927 √ ρ. We summarize our results for the critical temperature in cases of different values of nonlinear and backreaction parameters In table 1. From this table, we see that, for fixed value of the backreaction parameter, with the nonlinear parameter b getting stronger, the critical temperature decreases. Similarly, for a fixed value of the nonlinear parameter b, the critical temperature drops as the backreaction parameter increases. Thus, we conclude that the critical temperature becomes smaller and so, make the condensation harder when we increase the values of both backreaction and nonlinear parameters. These features were also observed in the study a (2 + 1)-dimensional holographic superconductors with backreaction when the gauge field is in the form of BI nonlinear electrodynamics [27] . Comparing the results obtained here with those of [27] , we observe that the effect of the EN corrections on the condensation with respect to the BI nonlinear one is stronger when the backreactions is taken into account in both cases. In other words, the formation of scalar hair in the presence of EN electrodynamics is harder compared to the case of BI nonlinear electrodynamics. Obviously, our analytic results back up the findings in other articles. In the case of b = κ = 0, we observe that the analytic results for the critical temperature are consistent with both the analytical results of Ref. [33] as well as the numerical result of Ref. [5] . Also, we confirm the numerical result found in Ref. [28] when the backreaction parameter κ is equal to zero. On the other hand, for b = 0 the data obtained for the critical temperature, is analogous to those reported for the holographic superconductors with backreaction in Maxwell theory [20] . (24) can be rewritten as
where ζ(z) = 1 + z + z 2 + z 3 + z 4 . Since the parameter O 2 /r 2 + is very small, we can expand φ(z) as
Substituting Eq. (62) into Eq. (60), we can obtain the equation of motion for χ(z) as
. (63) with χ(1) = 0 = χ ′ (1) and we have defined
Integrating both sides of Eq. (63) between z = 0 to z = 1, we reach
Equating φ(z) from Eqs. (19) and (62), we arrive at
where in the last step we have expanded χ(z) around z = 0. Considering the coefficients of z term in both sides of Eq. (66), we find that
Substituting χ ′ (0) from Eq. (65) in the above relation, we get
Using Eqs. (13), (18) and (38), and taking into account the fact that T is very close to T c , we can deduce 
V. CONCLUSIONS
We have introduced a different type of gravity dual models, i.e., the charged AdS black holes in the context of Einstein-nonlinear electrodynamics with a scalar field. We have assumed the EN electrodynamics as the gauge field, and analytically investigated the behavior of the (2 + 1)-dimensional holographic superconductors. We have worked in a limit in which the scalar and gauge fields backreact on the background metric. We have employed the Sturm-Liouville analytic method to explore the problem. We have found the influence of the nonlinear corrections to the gauge filed as well as the backreaction effects on the critical temperature and the process of the scalar field condensation. We observed that the formation of the scalar hair condensation on the boundary becomes harder in the presence of nonlinear electrodynamics. This is mainly caused by the decreasing of the critical temperature when the both nonlinear and backreaction parameters become stronger. This phenomenon was also obtained in the study of the effect of the BI and backreaction parameters in the (2 + 1)-dimensional holographic superconductors [27] .
Comparing these different models show that for a specific b the critical temperature T c becomes larger for a holographic superconductor with BI nonlinear electrodynamics comparing to the case with EN electrodynamics. This implies that the scalar hair is more difficult to develop in the latter case than the former one. We have also given the critical exponent for the EN holographic superconductor model with backreaction, which still takes the mean-field value 1/2. We found out that the condensation parameter γ in Eq. (72) increases with (i) increasing the nonlinear parameter b with a fixed backreaction parameter κ, (ii) increasing the backreaction parameter with a fixed value of the nonlinear parameter b. This implies that both the nonlinear corrections to the gauge field as well as backreaction, cause the formation of condensation harder.
